Weak gravity (and other conjectures) with broken supersymmetry by Bonnefoy, Quentin et al.
Weak gravity (and other conjectures) with broken
supersymmetry
Quentin Bonnefoy∗a, Emilian Dudasb, and Severin Lüstbc
aDESY, Notkestraße 85, 22607 Hamburg, Germany
bCentre de Physique Théorique, CNRS, École Polytechnique, IP Paris, 91128 Palaiseau, France
cInstitut de Physique Théorique, Université Paris Saclay, CEA, CNRS, F-91191 Gif sur Yvette,
France
E-mail: quentin.bonnefoy@desy.de, emilian.dudas@polytechnique.edu,
severin.luest@polytechnique.edu
We study the weak gravity conjecture in non-supersymmetric string theory setups. Precisely,
those are type I string theory with supersymmetry broken à la Scherk-Schwarz and open strings
on D branes wrapped around magnetized tori in type II string theory. We compute long-range in-
teractions between identical branes at one-loop and compare them to the weak gravity conjecture
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potential with the presence of a running modulus and of possible D branes bound states nicely
connects to other swampland conjectures. For magnetized branes in type II strings, we check that
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derstand swampland conjectures in strings with broken SUSY, let alone their phenomenological
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1. Introduction
Swampland conjectures [1] constrain the properties of effective field theories (EFTs) that could
possibly derive from a full theory of quantum gravity (for a recent review and a complete set of ref-
erences, see [2]). Most notably, they concern the validity domain of EFTs [3], their possible global
and local symmetries [4], the spectrum of gauge theories [5], the stability of non-supersymmetric
AdS spacetimes [6] and the shape of scalar potentials [7, 8]. They introduce both qualitative in-
sights and quantitative criteria: a canonical example of the former is the presence of towers of
states [3, 9–13], whereas the concrete behaviour of such towers in specific limits of the theory il-
lustrate the latter aspect. In most cases, both aspects are tested simultaneously, for instance by
studying precise string theory setups or using classical results on black holes.
Here, we will be mostly interested in the weak gravity conjecture (WGC) [5] in specific string
theory setups, but our discussion will feature other conjectures.
1.1 The WGC for p-forms
The WGC is a statement about how gravity and gauge fields can possibly coexist, and it was
originally derived in 4 dimensions by demanding that charged black holes should be able to decay
[5]. Balancing charge and energy conservation against the extremality condition, one gets that one
of the decay products must have loosely speaking its mass smaller than its gauge charge, ensuring
that gravity indeed acts as the weakest force on this state. This statement can be extended to p-
forms gauge fields Ap in arbitrary d spacetime dimensions [9]. Indeed, with an Einstein frame
Lagrangian
L =
Md−2P
2
∫
ddx
√−g
(
R− 1
2
(∇φ)2
)
− 1
2e2
∫
ddx
√−g e−αφF2p+1 , (1.1)
where φ is a dilaton field and Fp+1 ≡ dAp, there are black branes solutions carrying a (electric or
magnetic) charge under Ap. By demanding that they could decay, one obtains that there should be
a (p− 1)-dimensional object (hence with a p-dimensional wordvolume) with tension Tp charged
under Ap with quantized charge Qp, so that(
α2
2
+
p(d− p−2)
d−2
)
T 2p ≤ e2Q2pMd−2P . (1.2)
D branes in superstring setups saturate this inequality due to their BPS nature. This is under-
stood from the fact that mutually BPS D branes do not interact, since their gravitational attraction
from the exchange of Neveu-Schwarz-Neveu-Schwarz (NS-NS) closed strings precisely cancels
the gauge electric repulsion due to the Ramond-Ramond (R-R) sector. Indeed, in the absence of
scalar fields, one could reformulate the weak gravity conjecture as the requirement for the exis-
tence of at least one particle or brane for each gauge symmetry such that its effective interaction
potential is repulsive [14, 15]. In what follows, we compute such interaction potentials in explicit
string theory models in order to test if they are repulsive and if the branes obey the weak gravity
conjecture.
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1.2 SUSY breaking and the swampland
The specific models we will study have broken supersymmetry (SUSY). This generates several
interesting features for non-trivial tests: effective brane-brane interactions and the generation of
scalar potentials (e.g. runaway potentials for moduli fields1). Although not realistic at the level of
the models we discuss here, such potentials could be interpreted as dark energy and shed some light
on realizations of the swampland with non-trivial cosmological dynamics, favored by [7,8,17,18].
Brane interactions are as we said previously crucial for the WGC. Thus, it seems important to go
beyond the majority of string theory tests of the swampland conjectures, which were done in the
context of superstring compactifications.
Arguably, the simplest and best understood way of breaking supersymmetry in string theory
is via compactification (with a SUSY breaking scale at the compactification scale). This was first
proposed at the field-theory (supergravity) level by Scherk and Schwarz [19]. We will use it in
what follows, and it will generate a runaway (space) direction in which one field rolls. While in the
decompactification limit supersymmetry is restored and the weak gravity conjecture is marginally
satisfied, considering the rolling field at a different value generates brane interactions and thus
constraints from the point of view of the weak gravity conjecture.
We will also explore setups with magnetic fields on D branes, which have the generic effect
of breaking supersymmetry and departing from the BPS nature of those branes. When magnetic
fields are not tuned so that SUSY is broken, branes exerce forces on one another which can also be
analyzed from the point of view of the weak gravity conjecture.
1.3 Outline
In section 2, we study type I string theory with supersymmetry breaking by compactifica-
tion. The latter generates a bulk runaway potential for the radius of the compactified direction, see
section 2.1. We compute in section 2.2 the brane-brane interactions at one-loop and discuss their
attractive nature. Specifically, we use D1 brane interactions as a function of the separation in space-
time as a test of the WGC. We find that at short distances and at one-loop there are attractive forces
which have a finite limit when the distance goes to zero, whereas at long distances those attrac-
tive forces are exponentially suppressed. Since massive (closed strings) fields do not mediate long
range interactions, our interpretation is that at this order of perturbation theory the branes still have
a charge to mass ratio set by the supersymmetric BPS condition. Thus, arguments beyond one-loop
are needed in order to clarify the fate of the weak gravity conjecture in this setup. The way to pro-
ceed comes from the identification of the quantum corrections to brane tensions (see section 2.3):
indeed, the limit of zero distance suggests that the corresponding self-energy can be interpreted as
a negative quantum correction to the tension, which will generate an imbalance between gauge and
gravitational forces at higher loops, leading to an effective repulsion at large distances consistent
with the WGC. The one-loop attractive forces, unsuppressed at small distances, will induce the
formation of a finite number of stable bound states of D1 branes which we discuss in section 2.4.
For very small string coupling, the number of such states can become very large, which is reminis-
1Runaway potentials are abundant in string theory and this was considered as a serious phenomenological problem in
the past [16]. Motivated by the persistent presence of runaway potentials in string theory, it was also recently conjectured
in [17] that quintessence may be the only realistic outcome of a theory of quantum gravity.
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cent of the swampland distance conjecture [3], although we cannot consistently test this idea in our
setup.
In section 3, we discuss the relationship between SUSY breaking via magnetic fields in com-
pact dimensions and the weak gravity conjecture. We start by a lightning-speed review of SUSY
breaking via magnetic fields in toroidal compactifications of field and string theory in section 3.1,
and we also discuss the correlation between SUSY and the presence of tachyons in the open string
spectrum for magnetic fields in one or two torii. This leads us to consider setups with three mag-
netic fields in section 3.2, where we recall that SUSY can be broken with a tachyon-free spectrum
when the three magnetic fields verify certain conditions. Then, we show that D6 branes in type
IIA string theory repel (if far apart) precisely when the tachyons are absent. We also discuss the
shape of their potential at any distance, taking into account all the string modes, which is relevant
for bound states discussions.
In addition to intermediate summaries at the end of sections 2 and 3, we present some general
conclusions in section 4.
2. Type I string theory with Scherk-Schwarz SUSY breaking
We review in this section the results of [20]. We are interested in moduli potentials and brane
interactions from SUSY breaking, so we consider type I string theory2 and orientifolds which
contain the necessary ingredients. The vacuum energy and brane-brane interactions are nicely
encoded in one-loop vacuum string amplitudes, which correspond to the contribution of the torus
and the Klein bottle for the propagation of closed strings, and of the cylinder and the Möbius strip
for open strings. We implement in this section the breaking of supersymmetry à la Scherk-Schwarz.
In what follows, all string amplitudes should be multiplied by the factor 1/(4pi2α ′)d/2, where d is
the number of noncompact spacetime dimensions.
2.1 The vacuum energy
Much of the physics of the vacuum structure of our setup can be understood from its one-loop
approximation. With 10D supersymmetric type I strings, one gets a one-loop contribution from the
torus which reads
T =
∫
F
d2τ
τ62
∣∣∣∣V8−S8η8 (τ)
∣∣∣∣2 , (2.1)
where τ is the complex parameter of the torus, F the fundamental domain of its modular group
SL(2,Z) and V8 =
θ 43−θ 44
2η4 ,S8 =
θ 42+θ
4
1
2η4 are SO(8) characters built out of Jacobi theta functions (we
refer to [21, 22] for notations and conventions which we will not always detail in what follows).
Compactifying one dimension on a circle of radius R, we get instead
T =
∫
F
d2τ
τ11/22
∣∣∣∣V8−S8η8
∣∣∣∣2Λm,n(τ) , (2.2)
2Type I is the unoriented version of type IIB string theory, meaning the theory which emerges when type IIB
strings are projected on the subsector which preserves the exchange symmetry of left and right string oscillators - this is
called the orientifold projection (together with the addition of an open string sector necessary for the consistency of the
theory). Thus, the string worldsheet to sum over in perturbative computations contain unoriented 2D surfaces. The 10D
low energy effective theory is N = 1 supergravity with SO(32) gauge group.
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with Λm,n =∑m,n q
α ′
4 (
m
R+
nR
α ′ )
2
q
α ′
4 (
m
R− nRα ′ )
2
(and q= e2ipiτ ) the sum over Kaluza-Klein (KK) and wind-
ing modes (respectively indexed by m and n) which replace the contribution of the continuous
momentum along the compactified dimension. Finally, introducing the Scherk-Schwarz projec-
tion along the compactified dimension3, which at the level of the string theory is a freely-acting
orbifold, we obtain
T =
∫
F
d2τ
τ11/22
{
(|V8|2+ |S8|2)Λm,2n− (V8S¯8+S8V¯8)Λm+1/2,2n
+(|O8|2+ |C8|2)Λm,2n+1− (O8C¯8+C8O¯8)Λm+1/2,2n+1
} 1
|η8|2 (τ) .
(2.4)
Lots of things can be read from this expression. First, the indices of the KK/winding sums indicate
clearly that fermions (which correspond to characters entering the loop with a minus sign) and
bosons (... with a plus) do not have the same masses anymore: SUSY is broken as announced.
Second, one can see from this expression that the (torus contribution to the) vacuum energy is not
anymore zero unlike the SUSY case of (2.1). Finally, one may notice that the second line has no
counterpart in (2.2), which comes from the fact that it corresponds to the twisted sector which one
must include to preserve the modular invariance of the theory. This sector contains a tower of states
starting with a scalar (coming from the character |O8|2 above) with the lightest mass given by
m2O =−
2
α ′
+
R2
α ′2
. (2.5)
For small radii R <
√
2α ′ this scalar becomes tachyonic, whereas it is very heavy in the opposite
limit R√2α ′. This scalar will be a main actor in the brane-brane interactions at long distances
that we discuss later on.
The full vacuum amplitude is obtained by adding the three other worldsheets of Euler number
zero: the Klein bottle in the closed string sector, as well as the annulus and the Möbius strip in
the open one. The open sector is associated to the introduction of 16 D9 branes, required for the
3The idea behind the Scherk-Schwarz mechanism is to generate mass shifts via twisted boundary conditions for a
theory defined on a compact manifold. It is most easily illustrated for a field theory on a circle of radius R, where one
can define boundary conditions as follows: field(x+ 2piR) = symmetry × field(x). For instance for a charged scalar
field with a global U(1) symmetry, we can choose φ(x+2piR) = eipiQφ(x), with Q the charge operator. The result is that
the mass of the KK modes is shifted:
φ(x) = e
ixQ
2R ∑
m
e
imx
R φm =⇒ Mφm =
∣∣∣∣mR + Q2R
∣∣∣∣ . (2.3)
If one implements this kind of shift differently for bosons and fermions, SUSY is broken since the mass degeneracy
within a multiplet is lifted. At the level of the string, this is achieved by orbifolding the theory under the symmetry
(−1)FδX9→X9+piR, where X9 is a compactified coordinate of periodicity 2piR and (−1)F is the spacetime fermion number.
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consistency of the theory (namely, by the R-R tadpole conditions). They respectively read
K =
1
2
∫ ∞
0
dτ2
τ11/22
V8−S8
η8
(2iτ2)∑
m
e−α
′piτ2 m
2
R2 ,
A = 512
∫ ∞
0
dτ2
τ11/22
[
V8
η8
Pm− S8η8 Pm+1/2
](
iτ2
2
)
,
M =−16
∫ ∞
0
dτ2
τ11/22
[
V8
η8
Pm− S8η8 Pm+1/2
](
iτ2
2
+
1
2
)
,
(2.6)
where Pm = Λm,0 and we neglected any Wilson lines on the branes (and we will keep on doing so
in what follows, we refer to [20] for more details). From this amplitude, we can write explicitly the
scalar potential for the radius R. The scalar potential in string theory is minus the partition function,
therefore
V (R) =−
(
1
2
T +K +A +M
)
. (2.7)
The potential can be easily estimated in the regime where effective field theory is valid R√2α ′.
In this limit, string oscillators in all amplitudes and winding states in the torus are very heavy and
do not contribute. We can therefore replace the modular functions by their leading contribution,
and perform a Poisson resummation of the Kaluza-Klein sums to turn them into winding sums, so
that we get
T ' 128 R√
α ′
∫ ∞
0
dτ2
τ62
∑
n
[1− (−1)n]e−
pin2R2
α ′τ2 ,
A ' 4096 R√
α ′
∫ ∞
0
dτ2
τ62
∑
n
[1− (−1)n]e−
pin2R2
α ′τ2 , M =−128 R√
α ′
∫ ∞
0
dτ2
τ62
∑
n
[1− (−1)n]e−
pin2R2
α ′τ2 .
(2.8)
The Klein bottle is still supersymmetric and does not contribute to the scalar potential, so that we
do not include it further. As explained at the beginning of this section, all string amplitudes above
should be multiplied by the factor 1/(4pi2α ′)9/2. By including this factor and after a straightforward
integration, one gets
T =
12
pi14R9∑n
1
(2n+1)10
, A ' 384
pi14R9∑n
1
(2n+1)10
, M '− 12
pi14R9∑n
1
(2n+1)10
, (2.9)
which generate a runaway potential, a well-known feature of broken SUSY models. Indeed, the
9D effective potential for the radius in the Einstein frame is of the form
L =
1
2κ29 R2
(∂R)2− ce
18φ
7
R9
, (2.10)
where φ is the dilaton field, 1κ29
is the nine-dimensional Planck mass and − cR9 is obtained when
summing the three contributions in (2.9), according to (2.7). Supersymmetry is then restored in the
limit R→∞. Although a runaway potential is expected for a quintessence model, we will not enter
here into a phenomenological discussion of such potentials and their viability. In particular, the
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potential (2.7) is not viable for several reasons, for instance because of time dependent coupling
constants or because the vacuum energy is negative. Making the potential better behaved4 is beyond
the scope of this discussion, however we expect that the qualitative aspects to be commented on
soon could be realized in refined phenomenological models, so we proceed and identify the features
of the current setup relevant for the weak gravity conjecture.
The formulae above can be generalized easily after compactification to four dimensions on
five more circles of radii RI , I = 1, . . . ,5. The vacuum energy, in the large radii limit, becomes
T =
192V6
pi9 ∑n
1− (−1)n
[n2R2+n21R
2
1+ · · ·n5R25]5
,
A ' 6144V6
pi9 ∑n
1− (−1)n
[n2R2+n21R
2
1+ · · ·n5R25]5
, M '−48V6
4pi9 ∑n
1− (−1)n
[n2R2+n21R
2
1+ · · ·n5R25]5
.
(2.11)
where V6 =∏I RI .
2.2 D1 branes interactions
We now compute branes self-interactions in the setup discussed in section 2.1. Specifically,
we look at D1 branes which couple to gravity and to the R-R 2-form and derive their one-loop
interaction potential. The usual string theory computation of brane-brane interactions [25–27] can
be captured at large separations (|∆~x| √α ′) by a field theory computation of tree-level exchange
of supergravity massless fields between the branes. The same result can be recovered from the one-
loop open string amplitudes, which have a dual interpretation in terms of tree-level exchange of
closed string states between the D branes (for the cylinder) and between the D branes and O-planes
(for the Möbius strip). The setup present however some stringy features that are not captured by
a pure field-theory analysis restricted to the supergravity modes. Indeed this string theory con-
struction contains the twisted sector, and in particular the would-be scalar tachyon of (2.5). These
states do couple to branes and do mediate brane-brane interactions. Even if in the regime of interest
R√α ′, the would-be tachyonic scalar is actually very heavy and should not be kept in a low-
energy effective action, its exchange is the main contribution to the brane-brane interactions at long
distances that we compute below. Due to this feature, we are forced to perform the computations
at the string theory level, although the results can be understood to some extent by field-theory
arguments.
The D1 branes are BPS in the superstring case with their tension equal to the R-R charge,
which guarantees no interaction between them. With supersymmetry breaking turned on, branes
start to interact. Indeed, consider D1 branes wrapping the Scherk-Schwarz circle (they behave like
particles after compactification), at a distance r in the space coordinates. The brane-brane potential
is contained in the cylinder amplitude, in a way very similar to a Casimir energy. The result of the
computation is
A11 =
1
pi
√
α ′
∫ ∞
0
dτ2
τ3/22
e−
τ2r
2
4piα ′
[
Pm−Pm+1/2
]× θ 42
2η12
(
iτ2
2
)
. (2.12)
4For instance, it is possible to obtain a positive potential with stable brane configurations [23, 24] without altering
significantly the discussion on the weak gravity conjecture below.
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Written in the (closed string) tree-level channel, the amplitude becomes
˜A11 =
R
2piα ′
∫ ∞
0
dl
l4
e−
r2
2piα ′l ∑
n
[1− (−1)n] θ
4
4
2η12
(il)e−pil
n2R2
2α ′ . (2.13)
Notice that only massive states contribute to the D1-D1 brane interactions (since massless states
have n = 0). In the region of interest r,R √α ′ a standard field theory computation does not
capture the string result (2.13). Indeed, in the region r√α ′ the main contribution to the brane-
brane interaction comes from the region l→ ∞ and therefore from the lightest closed string states.
However, since the even winding contribution which include the supergravity states vanishes due
to a cancellation between the NS-NS and the R-R sectors (this is easily seen in the winding sum in
(2.13)), the main contribution to the interaction comes from odd windings containing the would-be
tachyon scalar in the closed string spectrum. It is illuminating to write the D1-D1 brane amplitude
in a field theory format, by recasting the potential in a way which involves an integral over the
noncompact momenta of the closed strings exchanged, by using the identity
∫ ∞
0
dl
l4
e−
r2
2piα ′l− pil2 α ′m2n =
α ′3
8pi
∫
d8k
eikr
k2+m2n
. (2.14)
Then the potential is given by
V11 =−Rα
′2
pi2
∫
d8k eikr
[
1−1
k2
+
1
8
1
k2+ R
2
α ′2 − 2α ′
+ . . .
]
. (2.15)
The contribution of the zero modes vanishes at one-loop, according to our computation, which is
the statement that at this order the interaction of D1 branes is still governed by the BPS relation
between the tree-level tension and charge T1 = Q1. Indeed, since the one-loop contribution is
exclusively mediated by massive states, it is short-ranged and therefore cannot be interpreted as
coming from an imbalance between the tension and charge of the branes. In particular, although
those short-range forces are attractive, we do not consider that as a violation of the WGC. In
short, at first order those D1 branes marginally verify the WGC (understood as a constraint on the
couplings to massless supergravity modes), and one needs to compute at higher loops to see the
effect of SUSY breaking on the WGC.
In a realistic compactification only four spacetime dimensions are noncompact. In this case,
the brane-brane potential for r√α ′ becomes
V11 =− Rα
′2
8pi2V5∑p
∫
d3k eikr
1
k2+m2p+
R2
α ′2 − 2α ′
, (2.16)
where ∑p is the sum over all Kaluza-Klein masses in the five additional internal dimensions. The
result is particularly simple if the five additional dimensions are very small, i.e. RI R,r, in which
case one can neglect the corresponding massive modes contributions. In this limit (and using
7
Weak gravity (and other conjectures) with broken supersymmetry Quentin Bonnefoy
R√α ′), the total potential energy is well approximated at large distances r√α ′ by
V11 ∼ − Rα
′2
4V5
e−r
√
R2
α ′2−
2
α ′
r
. (2.17)
The interactions are dominantly due to the exchange of the would-be tachyonic scalar, as in the
previous 9D case, so that the conclusion regarding the WGC is identical.
2.3 Beyond one-loop arguments and the WGC
Now, we provide arguments in favour of the fact that our one-loop computations enable us to
conclude that the WGC is verified (in a non-trivial way) in the present setup. This would naively
demand higher loop computations, but actually the relevant piece of information, the quantum
correction to the brane tension, is already determined by the previous computations.
The D1 brane self-energy is obtained from (2.13) by considering a single D1 brane and setting
the spacetime distance r = 0. One gets the approximate result
˜A11 =
16
pi2R∑n
1
(2n+1)2
. (2.18)
From this result, one obtains the one-loop corrected tension of the D1 brane wrapping the circle5,
which can be written either as a corrected D1 brane tension or as the mass M0 of the wrapped brane
on the circle
T1,eff = T1− 2pi3R2∑n
1
(2n+1)2
= T1− 12piR2 , M0 = 2piRT1,eff , (2.19)
where T1 =
√
pi√
2κ10
(4pi2α ′) is the standard type I D1 brane tension. Notice that this one-loop cor-
rected tension is lower than the tree-level one, due to supersymmetry breaking (remember that
T1 ∼O(g−1s ), so the correction is indeed of order O(gs) with respect to the original value).
Let us rewrite the D1-D1 brane interactions (2.15) in a slightly more general way as a contribu-
tion from the zero modes V (0)11 and contributions from massive states V
(n)
11 . The contribution of the
zero-mode V (0)11 vanishes at one-loop, according to our computation in section 2.2. However, since
the one-loop contribution comes exclusively from massive states, it is short-ranged and therefore
any higher-order/loop correction leading to a zero-mode exchange changes dramatically the inter-
action at large distances. We consequently parametrize the zero-mode higher-loop contributions by
introducing three parameters: T1,eff and Q1,eff are the quantum corrected brane tension and charge,
whereas m0 denotes the mass of the dilaton generated by quantum corrections. With these changes
in mind, at large distances r√α ′ where the main contribution comes from the lightest closed
string states exchanged between the branes, we arrive at the following expression for the D1-D1
5For each D1 brane, there is also an interaction with the background D9 branes/O9-planes. It is unclear to us that
this potential energy, localized on the D1 brane but Wilson line/position dependent, should be interpreted as an additional
correction to the D1 brane tension. In any case, since it is of the same sign and magnitude as the self energy of the D1
brane, including it or not would not modify the qualitative features of what we discuss next.
8
Weak gravity (and other conjectures) with broken supersymmetry Quentin Bonnefoy
brane interaction
V11 =V
(0)
11 +V
(n)
11 , where V
(0)
11 =
Rα ′2
2pi2
∫
d8k eikr
[
Q21,eff/Q
2
1
k2
− T
2
1,eff/T
2
1
4
(
1
k2+m20
+
3
k2
) ]
,
V (n)11 =−
Rα ′2
8pi2
∫
d8k eikr
1
k2+ R
2
α ′2 − 2α ′
.
(2.20)
The zero-mode contribution can also be written in terms of the supergravity 10D Planck mass κ10,
V (0)11 = 16κ
2
10piR
∫ d8k
(2pi)8
eikr
[
Q21,eff
k2
− T
2
1,eff
4
(
1
k2+m20
+
3
k2
) ]
. (2.21)
In (2.20), the corrected tension of the wrapped D1 brane T1,eff is defined in (2.19) and the relative
factor of 1/4 (3/4) denotes the contribution of the dilaton (graviton). The one-loop corrected charge
Q1,eff will be discussed below. The massive contributions V
(n)
11 contain the one-loop computation
performed in section 2.2.
Again, in a realistic compactification only four spacetime dimensions are noncompact. In this
case, the brane-brane potential becomes
V (0)11 =∑
p
16κ210piR
(2pi)8V5
∫
d3k eikr
[
Q21,eff
k2+m2p
− T
2
1,eff
4
(
1
k2+m2p+m20
+
3
k2+m2p
)]
,
V (n)11 =−
Rα ′2
8pi2V5∑p
∫
d3k eikr
1
k2+m2p+
R2
α ′2 − 2α ′
, (2.22)
where ∑p is the sum over all Kaluza-Klein masses in the five additional internal dimensions. The
result is particularly simple if the five additional dimensions are much smaller than R and r, in
which case one can neglect the contributions from the corresponding massive modes. In this limit,
it is more transparent to express the total potential energy in terms of the four-dimensional Planck
mass MP, for which the graviton exchange provides the Newton potential in terms of the mass
M0 = 2piRT1,eff and the charge Q0 = 2piRQ1,eff of the wrapped D1 brane. In this way, one gets the
approximate potential
V11 ∼ 1M2P
 43 Q20−M20 − 13 M20 e−m0r
r
− Q
2
0
3
e−r
√
R2
α ′2−
2
α ′
r
 . (2.23)
This expression is valid for distances r√α ′, whereas for shorter distances one expects the one-
loop potential to be a good approximation, which has a constant limit when r→ 0.
As discussed above, the correction to the D1 brane tension is generated by the massive con-
tributions V (n)11 between the same brane (r = 0), and it is negative. The correction to the charge
would, on the other hand, come from a genus 3/2 computation, which was not yet performed to
our knowledge. However, a quantum correction to the R-R charge of the brane would be of the
form
∫
C2eφ , where φ is the dilaton. Such a coupling would violate the gauge symmetry of the
R-R gauge field C2, which seems implausible in perturbation theory. Corrections to the R-R field
9
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kinetic terms are possible though, and this would generate a renormalization of the R-R charge. A
similar correction to the dilaton kinetic term should also contribute to the renormalization of the
tension. However, such corrections would arise from one loop calculations and would be associ-
ated to O(g2s ) corrections. We thus do not expect them to dominate the one-loop contribution to
the tension, which is O(gs), and therefore
T 21,eff < Q
2
1,eff ⇐⇒ M20 < Q20 . (2.24)
As a consequence, at short distances the potential is attractive whereas it is repulsive at large dis-
tances. If on the contrary the bound (2.24) was violated, the potential would remain attractive also
at large distances6. Our perturbative arguments dismiss such a possibility and we conclude that the
weak gravity conjecture holds in our setup, and the massless modes exchange which it constrains
determines the brane-brane dynamics at large distances.
2.4 Bound states of branes
An important outcome of the previous discussion is that the negative self-energy of D1 branes
and the decrease in the effective brane tension also implies that it is energetically favorable to form
bound states of D1 branes. This eventually can lead to the formation of black holes. Consequently,
black holes stability arguments, which are sometimes used in discussions about the WGC, are
different in the small and large distance regions. To address this question, one needs to study the
regime interpolating between large distances, where higher-order effects dominate and verify the
WGC as argued above, and small distances where the one-loop potential induces an attraction.
Knowing the r = 0 value of the potential given in (2.18) and its asymptotic behaviour (2.23), we
understand that it reaches a maximal value and has the shape depicted in figure 1.
Figure 1: The D1-D1 potential as a function of the distance in the transverse space (the potentials
and distances are expressed in units of α ′, we fixed R = 8, gs = 0.2, V5 ∼ 1.55)
To estimate the location r0 of the maximum, we can use (2.23) if r0 is in its validity regime.
6When the dilaton is massive, m0 > 0, the condition is actually M20 >
4
3 Q
2
0.
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When m0 = 0, we obtain
r0 =− 1√
R2
α ′2 − 2α ′
[
1+W
(
8
T 21,eff−T 21
eT 21
)]
≈ α
′
R
log
(
R2
gsα ′
)
, (2.25)
where W is the Lambert W function. This expression, obtained from (2.23), can be trusted if
r0
√
α ′, which can be rewritten as a constraint on the string coupling
gs R
3
α ′3/2
e−
R√
α ′ . (2.26)
In this case, black holes of size smaller than r0 would be stable remnants. However, we expect
from black hole constructions in string theory that there should only be a finite number of such
remnants: one can guess that if the number of D1 constituents is large and the bound state size
becomes or order r0 or larger, repulsive forces will prevent more D1 branes to bind and therefore
larger charge/mass remnants to form. Calculating this finite number of bound states is beyond
the scope of this paper, but we could try to estimate it by comparing r0 with the scale at which
we expect the D1 branes solutions of supergravity to break down,7 rS ∼ N1gsα
′3
V5
, where N1 is the
number of stacked D1 branes. Using (2.25), we can derive the following estimate,
Ncrit ≡ N1 r0rS ≈
1
gs
V5
α ′5/2
α ′1/2
R
log
(
R2
gsα ′
)
, (2.27)
where all D1 branes configurations with N1 < Ncrit correspond to situations where the attractive
force is felt even in the regime where supergravity applies.
This number becomes small in the decompactification limit R√α ′: when the supersymme-
try breaking (Scherk-Schwarz) radius goes to infinity, the one-loop potential vanishes since super-
symmetry is recovered, no attraction nor repulsion remains, and the WGC, as well as the stability
of black holes, is marginally retrieved. Furthermore, (2.27) also shows that the smaller gs, the more
stable bound states can exist. If m0 6= 0, r0 becomes smaller than (2.25) and the appearance of such
states is slightly suppressed in the limit gs→ 0, but the behaviour remains qualitatively the same.
Such a scaling of Ncrit with gs is reminiscent of the swampland distance conjecture. However, the
regime of validity of our model does not allow to fully test this idea. Indeed, to avoid that the state
discussed in (2.5) be tachyonic, we need to ensure that R&
√
α ′. On the other hand, given the 4D
Planck mass
M2P ∼
V5
α ′5/2
R
α ′1/2
1
α ′g2s
, (2.28)
(2.27) can be rewritten as follows,
Ncrit ∼ α ′M2P
gsα ′
R2
log
(
gsα ′
R2
)
︸ ︷︷ ︸
≤1
. M
2
P
mKKmwindings
(2.29)
7This scale is the one for which the harmonic function h(r) = 1+ RSr , which defines the D1 brane solution, starts to
deviate significantly from one.
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(where we imposed that the string theory is weakly-coupled), so that we cannot get a large number
of those bound states without an other tower of states (namely the KK or the winding modes)
becoming light in Planck units. This limits our ability to identify the bound states as the states
predicted by the swampland distance conjecture.
On the other hand, when the string coupling increases, r0 decreases and it will eventually not
be consistent to use (2.23) and (2.25).
2.5 Intermediate summary
We studied a type I string setup with broken SUSY à la Scherk-Schwarz, and our main result
is that the weak gravity conjecture (for D1 branes) holds there. This is due to a decrease of the
D1 brane tension (and no comparable decrease of their gauge R-R charge), which is seen after
taking the one-loop corrections from massive stringy modes into account. We reached this conclu-
sion by defining the WGC in terms of couplings to massless fields (in the gravitational and gauge
sector), disregarding the short-range attractive effects due to massive fields as a violation of the
WGC. Nonetheless, those effects were crucial for the decrease of the tension, leading to long range
repulsive forces. In the lower dimensional effective theory these D1 branes, wrapped around the
Scherk-Schwarz circle, behave as particles charged under a U(1)-gauge symmetry with Qeff >Meff.
Overall, this leads to a picture in which the weak gravity conjecture seems to be respected.
More generally, we saw as advertised that, even in the simple case we discussed, there exist
already several features which are of interest for a swampland approach. First, the radius of the
compact direction hosting the Scherk-Schwarz mechanism has a potential and a non-trivial dy-
namics, so that the model allows to study the realization of some swampland conjectures in an
inherently dynamical setup. The Scherk-Schwarz radius being tied to SUSY breaking, it implies a
variation of SUSY breaking effects when it evolves, which is obvious from our WGC discussion.
Secondly, branes which are non-interacting in superstring setups interact when SUSY breaking is
turned on, so that they verify the WGC in a non-trivial manner: quantum effects arise from the
brane coupling to genuinely stringy states, and source a decrease of the brane tension consistent
with the WGC. Finally, identical branes have interaction potentials whose qualitative nature evolves
with the distance: they are such that the WGC repulsion dominates at large distance, whereas the
contribution of massive modes kick in at smaller ones and allow for the formation of bound states.
In a limit of very weak string coupling, those bound states come in large numbers and provide an
unusual example of a tower of states, although we could not consistently match their behaviour
with the one predicted by the distance conjecture.
3. Magnetic fields on branes
We now turn to our second example, where this time SUSY breaking and branes interactions
follow from turning on magnetic fields in compactified dimensions [28–30] (see also the section
5.11 of [22] and references therein). Magnetic compactifications have been extensively used in
particle physics models over the years (see e.g. [31–33] for recent examples), and their impact on
brane dynamics can be understood from the Wess-Zumino coupling of R-R forms and gauge fields
12
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on a Dp brane [26]:
SWZ ∼
∫
Dp
C∧ eF =
∫
Dp
(
Cp+1+Cp−1∧F + 12Cp−3∧F ∧F + ...
)
, (3.1)
where the Cq are q-forms from the R-R sector and F is the field strength of a brane gauge field
(which we took in an abelian subgroup for simplicity, since we will focus on this case later on).
This expression shows that a non-trivial magnetic field along the worldvolume of a brane sources
couplings to lower-than-usual degree forms8, and induces new dynamics for the branes. In what
follows, we study this dynamics in toroidal compactifications of type II string theory by computing
again (open string) one-loop partition functions, and we focus on the status of the weak gravity
conjecture9.
3.1 Magnetic fields and SUSY breaking
Let us start by reviewing why magnetic fields in compact dimensions break supersymmetry
from the point of view of the lower dimensional theory. In this occasion, we will encounter features
relevant for later discussions.
Let us start at the level of field theory. As is well known, the momentum of charged particles
encodes the minimal coupling to the gauge field, pµ = ∂µ − iqAµ . For a constant magnetic field
F = dA =const., one can choose a gauge (called symmetric) such that Aµ = −12 Fµνxν , with x the
spacetime coordinates. Thus, one sees that the commutation relation between momenta is modified:
[pµ , pν ] =−iqFµν , (3.2)
and the spectrum is affected too: quantizing the system leads to the appearance of the famous
Landau levels [36]. For a six-dimensional theory (itself maybe a compactified version of a higher-
dimensional theory) compactified on a torus to a four-dimensional theory with a constant magnetic
field F45 = F in the two compactified directions, the general formula for the shift of the 4D mass
of the Landau levels is [28]
δM2 = p24+ p
2
5 = (2n+1)|qF |+2qFΣ , (3.3)
where Σ is the spin operator on the torus. For instance, for a Weyl fermion in 6D, one obtains after
compactifying two 4D Weyl fermions of opposite chirality for which Σ = ±12 . For a 6D gauge
field, one obtains a 4D gauge field with the usual Landau level masses, i.e. Σ = 0, and two real
4D scalars from the internal component with Σ = ±1. Thus, we see that the mass degeneracy
within a 6D SUSY multiplet is broken, so SUSY must also be. This breaking is understood as
being spontaneous. The multiplicity of each Landau level is qVT22pi F , which is integer from the Dirac
quantization condition (when the charge is also quantized).
An important feature is the presence of tachyons: indeed, the Σ = −sgn(qF) helicity state of
the internal component of a massless 6D gauge field has a negative mass −|qF | [37]. In string
theory, such tachyonic scalars from internal components of gauge fields are generically present and
8This is interpreted in terms of bound states of branes of different dimensions [34, 35].
9The results of this section were presented by E.D. at the String Phenomenology Conference 2019, CERN, Geneva.
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this will force us to include at least two magnetic fields (this also allows to preserve part of the
original SUSY).
Since we are interested in brane dynamics in string theory, let us now turn to the open string
analog of this discussion. It preserves all of the aforementioned features and goes as follows: the
worldsheet theory of open strings is modified by the presence of magnetic fields, since the end of
open strings couple to gauge fields, as seen from the bosonic part of the action (here in conformal
gauge, see [28] for the full superstring treatment):
Sbosonic string =− 14piα ′
∫
d2σ(∂X)2−qL
∫
dτ Aµ∂τXµ
∣∣∣
σ=0
−qR
∫
dτ Aµ∂τXµ
∣∣∣
σ=pi
. (3.4)
The equations of motion do not feel the endpoints couplings and are still describing free propagat-
ing fields, but the boundary conditions are affected, and read10
σ = 0 : ∂σXµ −2piα ′qLFµν∂τXν = 0 , σ = pi : ∂σXµ +2piα ′qRFµν∂τXν = 0 . (3.5)
Let us as before turn on a magnetic field F45 =F for two internal dimensions. The mode expansions
of the string coordinates are [39]:
Z(τ,σ) =
X4+ iX5√
2
= z+ i
(
∞
∑
n=1
anψn(τ,σ)−
∞
∑
n=0
b†nψ−n(τ,σ)
)
, (3.6)
with
ψ(τ,σ)=
1√|n− ε| cos((n− ε)σ + γ)e−i(n−ε)τ ,with
{
tanγ = 2piα ′qLF+12000arctan(2piα ′qRF)
piε = arctan(2piα ′qLF)+ arctan(2piα ′qRF)
,
(3.7)
(we always choose 0≤ ε ≤ 1 in what follows). The spectrum of the string follows, and it is given
by
δM2 =
1
2α ′
[
(2n+1)|ε|+2εΣ
]
, (3.8)
(with a degeneracy (qL + qR)
VT2
2pi F) on top of the usual contributions of the other coordinates and
of the string excitations. It is very analogous to the field theory expression, in particular there are
tachyons (for instance from internal gauge fields).
Tachyons can be removed by introducing two magnetic fields, for instance F45 = F1,F67 = F2
(along the same generator of the gauge group) in four internal dimensions. In this case, the Landau
level spectrum becomes
δM2 =
1
2α ′
[
∑
i=1,2
(2ni+1)|εi|+2 ∑
i=1,2
εiΣi
]
. (3.9)
This expression leaves the possibility to remove the tachyons from the spectrum and maintain (half
of) SUSY. This is achieved when F =±?F , depending on the sign of F1,F2. However, we see that
10Those boundary conditions have a nice interpretation in terms of rotated branes [38], which is seen by T-dualizing
along one of the directions carrying the magnetic field.
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the two options are either the presence of tachyons with SUSY breaking, or a SUSY preserving
tachyon free spectrum. We need one more step to get SUSY breaking without tachyons, which is
achieved by introducing a third magnetic field, as we discuss now.
3.2 Tachyons and the WGC
We now study brane dynamics in a specific model, namely type IIB string theory with a
compactified space containing magnetized D9 branes wrapping three 2D tori, equivalent after T-
dualities to IIA string theory with rotated D6 branes. We consider therefore D6 branes wrapped
around the internal space (thus particles with respect to 4D spacetime),
Coord. axis 0 1 2 3 4 5 6 7 8 9
Rotation/Magnetic field F1 F2 F3
D6 × × × × × × ×
(3.10)
and we compute the interaction potential between two such D6 branes separated by a distance r in
4D spacetime. At one-loop and using open-closed duality, this amounts to computing an annulus
vacuum diagram (remember V = −A ), which reads (up to an irrelevant factor involving pis and
α ′ - we keep carefully the signs though since they are the key point here)
AD6−D6 = q3k1k2k3
∫ dτ2
τ3/22
∑α,β ηαβθ [
α
β ](0|τ)∏3i=1 θ [αβ ](εiτ|τ)
2η6(τ)
(2iη)3(τ)
∏3i=1 θ1(εiτ|τ)
∣∣∣∣
τ= iτ22
× e− τ24piα ′ r2
(3.11)
where ηαβ = (1,−1,−1,−1) encode the GSO projection phases in the NS and R sectors, q= qL+
qR is the overall charge of the corresponding open string sector under the gauge group generator
hosting the magnetic field (see (3.4)), the εis are given in (3.7) and the kis are the integer numbers
VT2,i
2pi Fi, so that the factor in front of the integral accounts for the degeneracy of the Landau levels.
Performing a modular S-transformation and using the Jacobi identity, we can write this amplitude
as follows
AD6−D6 =−q3k1k2k3
∫ dl
l3/2
θ1( ε1+ε2+ε32 |il)θ1(−ε1+ε2+ε32 |il)θ1( ε1−ε2+ε32 |il)θ1( ε1+ε2−ε32 |il)
η3(il)∏i θ1(εi|il)
e−
r2
2piα ′l .
(3.12)
From this expression, it is possible to see that if one of the magnetic field is zero, let’s say the first
one for definiteness so that ε1 = 0, the brane potential is attractive if ε2 6=±ε3, in which case there
are also tachyons in the spectrum11. If ε2 = ±ε3, the tachyons vanish and so does the potential.
This is nothing but the correlation between SUSY and the presence of tachyons with two magnetic
fields that we announced before. Things get interesting when keeping all three magnetic fields. This
allows for broken SUSY and tachyon-free spectra. Indeed, in such a case, the would-be tachyons
11The spectrum can be read off from the amplitude (3.11) at r = 0 by performing a q = e2ipiτ expansion. The masses
of the physical particles in the spectrum appear as follows:
A =
∫ dτ2
τ3/22
∑
masses M
∑
spins
degeneracy× spin d.o.f× e−piα ′τ2M2 , (3.13)
up to an overall coefficient.
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from the internal gauge field components have masses
α ′M21 = 1−
ε1+ ε2+ ε3
2
, α ′M22 =
−ε1+ ε2+ ε3
2
, α ′M23 =
ε1− ε2+ ε3
2
, α ′M24 =
ε1+ ε2− ε3
2
.
(3.14)
Tachyons are avoided if "triangle inequalities" are respected [40, 41]:
ε1+ ε2 ≥ ε3 , ε1+ ε3 ≥ ε2 , ε2+ ε3 ≥ ε1 , ε1+ ε2+ ε3 ≤ 2 , (3.15)
which can be verified even when SUSY is broken. Nevertheless, these conditions tell us a lot about
the brane dynamics, since they explicitly appear in the large r approximation of (3.12)12,
AD6−D6 =
∣∣∣∣
r√α ′
−q3k1k2k3×
∫ dl
l3/2
sin
(
pi(ε1+ε2+ε3)
2
)
sin
(
pi(−ε1+ε2+ε3)
2
)
sin
(
pi(ε1−ε2+ε3)
2
)
sin
(
pi(ε1+ε2−ε3)
2
)
∏i sin(piεi)
e−
r2
2piα ′l .
(3.16)
From this expression one can conclude that branes repel whenever there are no tachyons in the
spectrum (and they attract when there are: indeed, one can show that M2i +M
2
j ≥ 0 ∀i 6= j so that
there is at most one tachyon - recall that we chose 0≤ εi ≤ 1). We find again that SUSY breaking
generates repulsive long-range brane interactions, as predicted by the weak gravity conjecture. This
time, the repulsion is a genuine one-loop effect, and one can identify the contributions of NS-NS
and R-R modes to clearly see the mismatch between charge and tension. Indeed, one can rewrite
the integrand as follows
q3k1k2k3
sin
(
pi(ε1+ε2+ε3)
2
)
sin
(
pi(−ε1+ε2+ε3)
2
)
sin
(
pi(ε1−ε2+ε3)
2
)
sin
(
pi(ε1+ε2−ε3)
2
)
∏i sin(piεi)
∼ q
3k1k2k3
∏i sin(piεi)
(
1+∑
i
cos(2piεi)︸ ︷︷ ︸
NS-NS
−4∑
i
cos(piεi)︸ ︷︷ ︸
R-R
)
.
(3.17)
Let us end this discussion by again asking the question of bound states in this theory. To answer
this, one needs the full shape of the potential, similarly to figure 1 (although here the potential is
fully one-loop and explicitly computed). We presented the large distance part of it previously, and
one can also get a reasonably simple expression for small spacetime separations between the branes
(r√α ′):
AD6−D6 =
∣∣∣∣
r√α ′
−q3k1k2k3×
∫ dτ2
τ3/22
sinh
(
piτ2(ε1+ε2+ε3)
4
)
sinh
(
piτ2(−ε1+ε2+ε3)
4
)
sinh
(
piτ2(ε1−ε2+ε3)
4
)
sinh
(
piτ2(ε1+ε2−ε3)
4
)
∏i sinh
(piτ2εi
2
) e− τ2r24piα ′ .
(3.18)
12This large r approximation expression (3.16) is valid for ε1 + ε2 + ε3 ≤ 2.
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There are two potentially troublesome regions in the τ2 integral. There is no divergence close to
τ2 = 0, since the sinhs scale linearly with τ2 there. However, the τ2 = ∞ region is potentially
problematic. When there are no tachyons, the arguments of the sinhs are all positive. Thus, the
integrand approximately scales as e−
τ2r
2
4piα ′ /τ3/22 and the integral converges whatever r. If there is a
tachyon, say M22 < 0 for definiteness, the scaling becomes e
−τ2
(
r2
4piα ′+α
′M22
)
/τ3/22 and the integral
diverges when r . |M2| in string units. Eventually, the potential looks as in figure 2. It may
Figure 2: Schematic shape of the D6-D6 potential as a function of the distance in 3D space, for a
tachyon-free theory (upper panel - mlightest refers to the lightest massive string state contributing to
the potential) or when a tachyon is present (lower panel)
be interesting to know how to connect a discussion of bound states with such potentials to the
existence of black holes in type IIA string theory. We leave this for future work.
3.3 Intermediate summary
In this second section, we discussed how supersymmetry breaking through magnetic fields
along compact directions could affect the weak gravity conjecture. Specifically, we computed
the long-range forces between D6 branes in type IIA string theory and showed that whenever the
open string spectrum has no tachyons, the branes self-repel. This is consistent with the WGC.
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Furthermore, we discussed the precise shape of the brane potential (including the contribution of
all the string modes).
4. Conclusion
Supersymmetry breaking in string theory comes together with a number of ingredients relevant
for studies of the swampland. In particular, those include runaway potentials for moduli fields and
brane interactions. Thus, in light of the non-supersymmetric nature of the observable world, a
precise assessment of swampland conjectures in string setups with broken SUSY is important.
We made a step in this direction by studying the weak gravity conjecture for D branes when
SUSY is broken by compactification or by the introduction of magnetic fields in compact dimen-
sions. We saw already at the level of very simple models that the way the WGC holds relies on
non-trivial correlations (e.g. with the presence of tachyons when it is not satisfied) and on stringy
effects (such as the quantum corrections to brane tensions generated by heavy string states). This
makes us hope that interesting phenomena are yet to be discovered along these lines. For instance,
it would be interesting to look at the WGC in models of brane supersymmetry breaking [42, 43].
We leave this for future work.
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